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Abstract 
An R-module M is called C-extending if every coproduct of copies of M is extending, i.e. 
closed submodules are direct summands. 
Oshiro (1984) has shown that the ring R is C-extending as a left module if and only if the class 
of projective R-modules is closed under essential extensions. Using results from Garcia and 
Dung [S] on x-extending modules we generalize Oshiro’s theorem to a wider class of modules. 
Under a weak projectivity condition we show that a module M is C-extending (equivalently, 
countably C-extending with ACC on M-annihilators) if and only if the class of direct summands 
of coproducts of copies of M is closed under M-generated essential extensions. 
Specializing to M = R our presentation offers alternative proofs to corresponding results for 
rings in (Oshiro, 1984) and (Vanaja, 1993). In addition we obtain that the ring R is left 
z-extending if and only if it is left countably x-extending and has ACC on left annihilators. 
0. Introduction 
It has been known for some time that injective modules are extending. In fact this 
property of injectives guarantees the existence of injective hulls in module categories. 
More generally, self-injective, continuous and z-injective (quasi-continuous) modules 
are also extending. 
Recently there have been several papers dedicated to the study of a module having 
certain related modules with the extending property. For example, it was shown in 
Osofsky and Smith [9] that cyclic modules whose subfactors are extending have finite 
uniform dimension. Furthermore, modules whose (finite) coproducts are extending 
were studied by Dung and Smith [2,3], Okado [7], Oshiro [S], Vanaja [lo], and 
others. Of particular interest in this latter context is the following result, which is 
Theorem II in Oshiro [8]: 
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Theorem. For a ring R the following are equivalent: 
(a) Every projective left R-module is extending; 
(b) the class of projective left R-modules is closed under essential extensions; 
(c) every left R-module is a direct sum of a projective module and a singular module; 
(d) R has ACC on lef annihilators and every left R-module which is not singular 
contains a non-zero projective direct summand. 
In the present paper we wish to extend this result from RR to a more general 
R-module M. For this we have to check, inter alia, to what extent projectivity of RM is 
necessary or if nM should be a (self-)generator. Moreover, a crucial step in the proof of 
a more general theorem is how to transfer the fairly complicated proof of(d) = (a) in 
[S], the problem being to show that any free left module is extending. In this regard, 
property (d) is of particular interest because of its significance for countably C- 
extending rings [lo]. 
Our generalization of Oshiro’s result is given in Theorem 2.6. There, projectivity 
is replaced by some weaker conditions. Also, instead of the technical proof 
(d) * (a) given in [S] we use fairly transparent arguments to show (d) =z- (b) and 
(b) * (a). 
Applying Theorem 2.6 to M = R, in Corollary 2.9 we obtain old and new character- 
izations for RR to be C-extending. 
1. Preliminaries 
Throughout the paper R will denote an associative ring with unit and R-Mod the 
category of unital left modules. Morphisms of left modules are written on the right. 
For an R-module M, a[M] denotes the full subcategory of R-Mod whose objects 
are submodules of M-generated modules. Note that for any M, a[M] has a subgene- 
rator N (i.e. a[M] = o[N]) which is a direct sum of finitely generated or cyclic 
modules. We refer to [12] or [l] for standard terminology. 
1.1. Injectives. For any R-module N, we write E(N) for the injective hull of N in 
R-Mod. If N E 0 [M], fi denotes the injective hull of N in a[M]. N is also called the 
M-injective hull of N and fl = Tr(M,E(N)) (the trace of M in E(N)). The M-injective 
hull ii? is also said to be the self-injective hull of M. 
A module N is called C-M-injective if, for any set A, N(“) is M-injective. C-M- 
injective modules will play a dominant role in our investigations. To describe their 
properties we introduce some more terminology. 
1.2. Annihilators. Let M be any R-module. For any m E M, we denote the left 
annihilator ideal of m by l(m). Thus 
l(m)={rERJrm=O}. 
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For an R-module N and any subset X c Hom,(N,M), we let 
Kc(X) = n{KegIgEX}. 
Any submodule of the form Kc(X) for some such X is called an M-annihilator 
submodule of N and we denote the set of M-annihilator submodules by x(N, M), i.e., 
S?(N, M) = {Kc(X) 1 X c Hom,(N, M)}. 
Of course, if M c Q, then x(N, M) c x(N, Q). Also, for N = R and f~ HomR(R, M), 
Ke(_f) = Ul)f) E x(R, M). 
Annihilator submodules provide interesting characterizations of I-injectivity: 
1.3. Lemma. For any R-module M the following are equivalent: 
(a) &l is C-M-injective, 
(b) McN’ is M-injective; 
(c) for any subgenerator N = @,N, in o[n/rl, where all N, arejinitely generated, 
N, has ACC on &?-annihilator submodules; 
(d) there exists an injinite cardinal rc such that, for any set A, the M-injective envelope 
of M(“’ is a direct sum of n-generated modules. 
If Ii? is C-M-injective, then R has ACC on the left ideals l(m), m E ji@), and hence also 
on the left ideals l(m), m EM@) and l(m), m EM. 
If M is jinitely generated and I’% is I-M-injective, then M has ACC on &?- and 
M-annihilator submodules. 
Proof. The equivalence of (a)-(c) follows from [12,28.4]. 
(a) o (d) is shown in Theorem 1.12 of [S]. 0 
It is interesting to compare the M-annihilators of M and M: 
1.4. Lemma. For any R-modules M and N the following are equivalent: 
(4 WN, M) = WN, @I; 
(b) every N-cyclic submodule of fi is cogenerated by M. 
Proof. (a) * (b) Consider any map f : N + M. By assumption, there exists a family of 
si E Hom,(N, M) with Kef = nn Ke sa. From this we have the exact sequence 
O+nKes,+N+nImslcM” 
‘4 A 
and so Imf = N/n* Kes, is cogenerated by M. 
(b) s (a) For any f : N + it? there exists a monomorphism s: Imf + M”, for some 
set /i. With the canonical projections z~: M” + M we form 
sI = fsnI E HomR(N, M) 
22 J. Clark, R. Wisbauer/Journal of Pure and Applied Algebra IO4 (1995) 19-32 
and obtain Kef= nn Ke sl, i.e., Kefe X(N, M). Since the latter set is closed under 
intersectionqwe conclude that X(N, M) = X(N, @. 0 
Now recall that a direct sum of submodules, N = 0, Nn c M, is said to be a local 
direct summand if @A N, is a direct summand of M for every finite subset A c A. The 
following observation is fundamental (see, e.g., [6, Theorem 2.171): 
1.5. Lemma. Assume every local summand of the R-module M is a direct summand. 
Then M is a direct sum of indecomposable modules. 
A submodule K c M is said to be closed if K has no proper essential extension in 
M. P.F. Smith has observed that the proof of Lemma 2 in Okado [7] gives the 
following: 
1.6. Lemma. Let M be an R-module and assume that R satisjes ACC on the left ideals 
l(m), m E M. Then local summands and unions of directed sets of direct summands in 
M are closed submodules of M. 
The module M is called extending (or a CS-module) if every closed submodule is 
a direct summand. Every direct summand of an extending module is again extending 
and indecomposable xtending modules are uniform. Hence the preceding results 
yield: 
1.7. Corollary. Assume that the R-module M is extending and R satisjes ACC on the 
left ideals l(m), m EM. Then M is a direct sum of uniform modules. 
A slight variation of Proposition 29.1 in Cl] yields a helpful observation about 
modules with ACC on M-annihilators. Recall that I c End,(M) is said to act locally 
t-nilpotently on M if for any m EM and q, s2, . . . ~1, (m)slsz . . . sk = 0 for some k E N. 
1.8. Proposition. Let M be an R-module with ACC on M-annihilators. Put 
S = End,(M) and consider a subring I c S which acts locally t-nilpotently on M. Then 
I is nilpotent. 
Proof. Assume that I is not nilpotent. By assumption, for some n E N, 
&I” = &I”+’ = . . . . 
I ‘+ ’ # 0 implies (MI)I” # 0 and hence there exist m EM, fi E I with mfiI” # 0, i.e., 
mfi$KeI” = KeI”+‘. 
Hence (mfiI)I” # 0 and so mfi fiI“ # 0 for some fi E I. Continuing in this way, we 
find, for every k E N, suitable f;‘s with mfi ...fk # 0. This contradicts the local 
nilpotency of I. 0 
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A module L E o[M] is called M-singular if L 1: N/K for some N eo[M] and 
K a N (K essential in N) [ 111. Then every (direct) sum of M-singular modules is again 
M-singular. Also if N is projective in o[M], then a factor module N/K is M-singular if 
and only if Kg N. 
We note the following for later use: 
1.9. Lemma. Let M be an R-module. 
(1) Let M = BAMa and K c M be a submodule which is not essential. Then, for 
some fl E A, there is a homomorphism fs: M, + MJK with Kefs not essential in Ms. 
(2) Assume that M is extending and has no M-singular direct summands. Then 
a factor module M/K is M-singular if and only if K 9 M. 
Proof. (1) Assume K c M is not essential. Then KnMB is not essential in M, for 
some /3 E A, and M, -+ M, + K -+ M/K is the required map. 
(2) Assume for K c M that M/K is M-singular. Then K d If for a direct summand 
R of M. If M = K 0 L, then M/K N K/K @ L and L is M-singular, a contradic- 
tion. 0 
For any R-module M, denote by Add M the full subcategory of (r [M] whose objects 
are direct summands of coproducts of copies of M. 
Of course, Add R is just the class of all projective R-modules. It is immediate that 
this class does not contain (R-)singular modules. We are interested in more general 
classes of modules with this property. 
1.10. Lemma. Let M be an R-module. Assume that 
(1) M is projective in o[M], or 
(2) M has no non-zero M-singular submodule, or 
(3) M is aJinitely generated module with no M-singular summands and End,(M) is 
perfect, or 
(4) M = %iM,, with all M, finitely generated, not M-singular, and End,(M,) 
local. 
Then Add M contains no non-zero M-singular modules. 
Proof. (1) and (2) are clear. 
(3) By [l, Theorem 29.51, any coproduct of copies of M has a decomposition which 
complements direct summands. 
(4) By the Crawley-Jonsson-Warfield Theorem (see [l, Theorem 26.5]), all mod- 
ules in Add M are isomorphic to coproducts of M,‘s. By this the assertion is clear. q 
An R-module M is said to be direct-projective if, for every direct summand X of M, 
every epimorphism M 4 X splits. 
The relevance of this notion is made clear in the following observation: 
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1.11. Lemma. Let M be an extending R-module with no M-singular direct summands. 
Then: 
(1) M is direct-projective. 
(2) Further assume that MA N and N = P 0 T where P E Add M and T is M- 
singular. Then T = 0. 
Proof. (1) Let X c M be a direct summand and consider any exact sequence 
O-+K+M+X+O. 
Then Ka I? for a direct summand x of M. Then K/K is an M-singular direct 
summand of X and hence of M. By assumption, this implies that K/K = 0 and the 
sequence splits. 
(2) (See [lo, Lemma 1.71.) Consider the canonical projection rc: P 0 T + P. Since 
M is extending, (M)rc = PI @ T, where PI is a direct summand of M and T1 is 
M-singular. 
Denote by rcl : PI 0 T1 -+ PI the canonical projection. By(l), ~vc~)~ : M + PI splits 
and Ke rrrcl is a direct summand of M which is contained in the M-singular module 
T 0 T1. Hence Mn T c Ke zrcl = 0 and, since MSI N, we conclude T = 0. 0 
We call an R-module M C-direct-projective if any coproduct of copies of M is 
direct-projective. Of course, if M is projective in o[M] then it is C-direct-projective. 
For easy reference we state some elementary properties: 
1.12. Lemma. Let M be an R-module. 
(1) The following assertions are equivalent: 
(a) M is C-direct-projective; 
(b) every surjective morphism in Add M splits; 
(c) for any M-generated X and N E Add M every morphism X --f N splits. 
(2) Zf M is a generator in a[M] then M is C-direct-projective if and only if M is 
projective in a[M]. 
Proof. (1) This follows easily from properties of direct-projective modules (see 
[12,41.18-J). 
(2) By assumption, every module in a[M] is M-generated. Hence the assertion 
follows from (1) and [12,18.3]. 0 
2. C-extending modules 
An R-module M is called (_hniteZy, countably) C-extending if any (finite, countable) 
coproduct of copies of M is extending. 
As a first observation, we get from Lemma 1.11: 
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2.1. Lemma. Assume that M is a C-extending module and that Add M contains no 
M-singular modules. Then M is C-direct projective. 
Our next result extends Proposition 1.13 in Garcia and Dung [S] and Corollary 1.8 
of Vanaja [lo]. 
2.2. Proposition. Let M be an R-module such that Add M contains no M-singular 
modules. 
(1) If M is finitely (countably) C-extending then every finitely (countably) M-gene- 
rated essential extension of a finite (countable) coproduct of copies of M belongs to 
Add M. 
(2) If M is C-extending then 
(i) Add M is closed under M-generated, essential extensions, 
(ii) k is C-M-injective, and 
(iii) M is a direct sum of uniform modules. 
Proof. (1) Let N be a countably M-generated essential extension of L = MCWI). Then 
we have an exact sequence 
O-+K+M’“‘+N+O. 
By our assumption, K is essential in a direct summand If of M@‘) and hence 
N = N1 0 R/K where N 1 E Add M and R/K is M-singular. By Lemma 1.11, K/K = 0 
and hence N E Add M. 
The same argument establishes the assertion for finitely C-extending modules. 
(2) Assume that M is C-extending. 
(i) Let N be any M-generated essential extension of L E Add M. For some set Q we 
have an exact sequence 
O+K+M’“‘+N+O. 
Then the proof of (1) shows that N E Add M. 
(ii) We use the argument of the proof of [S, Proposition 1.133. Consider a co- 
product MC”), where (i is any set. The M-injective hull N of Ii?“) is an M-generated 
essential extension of MC”) and hence, by (i), a direct summand of some M(n). 
By Kaplansky’s Theorem, N is a direct sum of x-generated modules, where K is the 
cardinality of M. Then ti is C-M-injective by Lemma 1.3. 
(iii) Applying (ii), this follows from Lemma 1.3 and Corollary 1.7. q 
Adapting an argument in the proof of [lo, Theorem 1.131 we get: 
2.3. Proposition. Let M be a finitely generated, self-injective module which is the direct 
sum of indecomposable submodules which are not M-singular. Then the following are 
equivalent: 
(a) MtN) is extending; 
(b) M(“) is M-injective. 
26 J. Clark, R. Wisbauer/Journal of Pure and Applied Algebra 104 (1995) 19-32 
Proof. (b) *(a) is clear. 
(a) a(b) We have to show that N = M (N) has no proper essential M-generated 
extension. By Lemma 1.10, Add M has no M-singular modules. 
Assume that there is an f : M + fi with (M)f $N. Then L = N + (M)f c fi is 
a countably M-generated, essential extension of N and hence L E Add M by Proposi- 
tion 2.2. Therefore L is extending and hence L = L1 0 Lz, with (M)fc L1 and 
Lz c N. Now N = (NnL1) 0 Lz and NnLl E Add M. 
Since L1 has finite uniform dimension, NnLl is a finite direct sum of M-injectives 
and so is also M-injective. Writing L1 = (NnL1) @ T we get 
L=(NnL1)@T@L,=N@T. 
Since Ng L this implies that N = L and so fi = McWI) is M-injective. 0 
The following observation turns out to be useful in the study of the relationship 
between C-extending and countably C-extending modules. 
2.4. Proposition. Let M@@ be an extending R-module and set S = End,(M). 
(1) If R has ACC on the left ideals Z(m), m EM w then Jac(S) acts locally t-nilpotently 
on M. 
(2) Assume that M isjinitely generated with ACC on M-annihilators and that Add M 
has no M-singular modules. Then I? is C-M-injective and S is semiprimary. 
Proof. (1) Consider a family { fi}wI of elements in S. As in [ 12,43.3] we form the maps 
gi = Ei -fiSi+ 1 : M ~ M’N’, 
with si: M + M@) the canonical injections. These induce a map 
g : McN) -+ McN), 
where Im g is the union of the direct summands ei s n Im gi. By Lemma 1.6, Im g is 
a closed submodule and hence a direct summand of MtN). Hence, by [12,43.3], for any 
m EM there exist r E N, s ES, such that 
(mYi -+..L 1 = @).A . ..fis. 
Now assume that all fi E Jac(S). Then this equality implies 
(m)fi ...&lS = (m)fi +..f*-i Jack, 
and so we get (m)fi ...f*_ 1 = 0 by Nakayama’s Lemma. Thus Jac(S) acts locally 
t-nilpotently on M. 
(2) By Lemma 1.4, X(M, M) = X(M, I$. Hence fi is C-M-injective and has ACC 
on l(m), m EM W) by Lemma 1.3. From the first part of the proof of (1) we see that Im g 
is a direct summand and hence S has DCC on cyclic submodules, i.e., Jac(S) is right 
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t-nilpotent (see [12,43.4]). It then follows from Proposition 1.8 that Jac(S) is nil- 
potent. Hence S is semiprimary. lJ 
It was shown in the proof of Theorem 1.13 in [lo] that the injective hull of 
a semiperfect, countably C-injective ring R is finitely generated. Adapting this argu- 
ment we can show: 
2.5. Lemma. Let M = oi s n Mi be a finitely generated R-module where all End,(Mi) 
are local. 
(1) If each countably M-generated essential extension of M is in Add M then &? is 
isomorphic to a jinite direct sum of copies of Mt’s. 
(2) IfM’“’ is extending and none of the Mls are M-singular then 16 is isomorphic to 
a finite direct sum of copies of Mis. 
Proof. (1) Consider a countably M-generated module K with M c K c G. Then 
K is a direct sum of copies of Mts. Since M is finitely generated and essential in K, this 
has to be a finite direct sum and hence K is finitely M-generated. This implies that 
ACC holds on M-generated essential extensions of M. Thus 2 is finitely (M-)gene- 
rated, so in Add M, and from this we derive the desired decomposition. 
(2) Recall that Add M has no M-singular modules (see Lemma 1.10). Hence, by 
Proposition 2.2(l), the condition of (1) is satisfied. 0 
With this preparation we can now prove our main result: 
2.6. Theorem. Let M be aJinitely generated R-module M and S = End,(M). Then the 
following assertions are equivalent: 
(a) M is C-extending and Add M has no M-singular modules; 
(b) M is C-direct-projective and Add M is closed under M-generated essential exten- 
sions; 
(c) M is C-direct-projective, Add M has no M-singular modules, and every M- 
generated R-module is a direct sum of a module in Add M and an M-singular 
module; 
(d) M is C-direct-projective, has ACC on M-annihilators, and for any P 6 Add M 
and non-essential submodule K of P, PJK contains a non-zero direct summand from 
Add M; 
(e) M is countably C-extending, has ACC on M-annihilators, and Add M has no 
M-singular modules; 
(f) M is countably C-extending, S is semiperfect, and Add M has no M-singular 
modules. 
Proof. (a) =z- (b) follows from Proposition 2.2. 
(a) * (c) By (a) * (b), M is C-direct projective. 
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Let N be an M-generated R-module which is not M-singular. Then there is an exact 
sequence 
O+K+M’“‘+N+O, 
where K is not essential in M(“) by Lemma 1.9. Hence K is essential in a proper direct 
summand I? of MC*’ and N N N1 @ I?fK, with 0 # N1 ~Add M. 
(c) * (b) (Compare with [8, Proposition 3.31.) Consider a non-zero P EAdd M and 
let N be an M-generated essential extension of P. By assumption, N = L @ T, where 
L ~Add M and T is M-singular. Let rr: L 0 T -+ L denote the canonical projection. 
Again by assumption, (P)n = L1 0 T1 where L1 E Add M and T1 is M-singular. With 
the canonical projection nI : L1 0 T1 + L, we get that the surjective map 
mc,:P+L,~T, -+L1 
splits (see Lemma 1.12) yielding a decomposition 
P=Pl@Pz with PI N L1 and (P&m1 = 0. 
From this we conclude that P2 c T @ T, and so P2 is M-singular, giving P2 = 0. 
Thus P = PI and rclp is a monomorphism. Since PSI N this means that 7r is monomor- 
phic, T = 0 and N E Add M. 
(b) = (a) (i) First we show that Add M has no M-singular modules. 
Let P = L/K E Add M, where L E o[M] and K_a L. We may assume that L9 McAf 
for some set A and hence Kg M . (A) By Zorn’s Lemma we can find a module 
K c X c McA) which is maximal with respect o LnX = K, i.e. L/KnX/K = 0. Then 
and, by hypothesis, McA)/X E Add M. By the C-direct-projectivity of M, the canonical 
map McA) + McA’/X splits, contradicting KS X_a McA). 
(ii) Now we prove that M is a direct sum of indecomposable self-injective (uniform) 
modules. 
By Lemma 1.3, M is C-M-injective and so M has ACC on M-annihilators. Hence 
M=Ml@ ..- @ Mk with all Mi indecomposable. 
For i I k, denote by ii?, the Mi-injective hull of Mi. Then pi is Mi-generated and, 
by hypothesis, Mi E Add M. This implies that &Ii is finitely generated and there is an 
epimorphism M: + riSi which splits by the C-direct-projectivity of M. 
Since End,(fiJ is local, the Exchange Lemma (e.g., [4,18.17]) implies that 
Mi N Bi, i.e. Mi is self-injective. 
(iii) To show that M is C-extending let 
N = MC”) = @ M,, 
A 
where the M, are isomorphic to some Miy and consider an exact sequence 
O+K+N-+N/K+O. 
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By Zorn’s Lemma, there exists a direct sum L = eeMB, B c A, which is maximal 
with respect o LnK = 0. Then, obviously, 
(LOK)nM,#O for all CIEA. 
Since all M, are uniform, this gives L 0 Ka N. 
Choose I? 3 K maximal with respect o Lnl? = 0. Then it is easy to see that KS I% 
and it is well-known that 
L-(L+K)/I?a N/I?. 
Hence N/R is an M-generated essential extension of L E Add M and so, by hypothesis, 
N/iZ E Add M. By the C-direct-projectivity of M, the canonical map N + N/K splits, 
i.e. R is a direct summand. 
(a) s(d) This is clear by (a) a(c), Proposition 2.2 combined with Lemmas 1.3 
and 1.9. 
(d) a(c) ACC on M-annihilators implies M = MI 0 ..+ 0 Mkr with all Mi in- 
decomposable. 
(i) For every i I k, Mi is uniform and self-injective and i%i E Add M. Assume that 
K c Mi is not essential. Then MI/K contains a direct summand U E Add M and the 
composition of the canonical maps Mi -+ MJK + U splits. Since Mi is indecompos- 
able we conclude that K = 0, i.e. Mi is uniform. By our assumption, this implies that 
any M-generated essential extension of Mi is in Add M. Now the proof of (ii) in 
(b) + (a) yields that Mi is self-injective and rCii E Add M. 
(ii) S is semiprimary and fi is C-M-injective. ACC on M-annihilators of M implies 
ACC on Mi-annihilators of Mi and so End,(MJ is semiprimary [12,31.12]. Hence 
S = End,(M) is semiprimary [12,28.11]. 
Since M is cogenerated by M, X(M, M) = X(M, I%) by Lemma 1.4, and so M is 
C-M-injective (see Lemma 1.3). 
(iii) Finitely M-generated extensions of finitely generated modules in Add M are in 
Add M. For such modules N we may assume that 
i=l i=l 
where the Mai are direct summands of M. We use induction on n E N. 
Assume that the assertion holds for I I n - 1 and let x, : @I= 1 i6iai + Ii?,,, denote 
the canonical projection. Then rr,,lN: N + M,” splits and 
Kerc,,lN = Nn 6 M, 
i=l 
is a finitely M-generated essential extension of @ yl: M,, , hence in Add M. Thus we 
have N E Add M. 
(iv) Add M is closed under M-generated essential extensions. Since M is C-M- 
injective it suffices to consider modules N with 
@ M, c N c @ ii?,, 
A A 
where the M, are direct summands of M and A is any set. 
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Any finitely M-generated submodule L c N is contained in a finite sum @y= 1 k,,, 
and, by (iii), the module L + @I= 1 A& belongs to Add M. 
Thus L c P c N for some finitely generated P E AddM. From this it is clear that 
N = lim Pn where the Pis are finitely generated submodules in AddM and we have 
(see, fey example, [12,24. lo]) 
Hom,(M, N) = Hom,(M, lim P,J 2: lim Hom,(M, PJ. 
+ + 
Then HomR(M, N) is a direct limit of projective modules and so it is flat, in fact 
projective, since S is left perfect. From this it follows that (cf. [1,29.4]) 
N N MOs HomR(M, N) E Add M. 
(a) a(e) is obvious from (a) =S (d). 
(e) =z. (c). We follow the pattern of (d) j(c). 
From Proposition 2.4 we know that S is semiprimary and fi is C-M-injective. It 
follows from Proposition 2.2 that finitely M-generated extensions of finitely generated 
modules in Add M are in Add M. Now we use the arguments in (d) a(c), (iv). 
(e) =S (f) By Proposition 2.4, S is semiprimary. 
(f) =s- (e) By Lemma 2.5, M E Add M. Applying Proposition 2.3 we obtain that M is 
C-M-injective and hence M has ACC on M-annihilators. 0 
A module M which is projective in a[M] is C-direct-projective and Add M has no 
M-singular modules. Hence for such modules our theorem simplifies to: 
2.7. Corollary. For a finitely generated, self-projective R-module M the following 
assertions are equivalent: 
(a) M is C-extending; 
(b) Add M is closed under M-generated essential extensions; 
(c) every M-generated R-module is a direct sum of a module in Add M and an 
M-singular module; 
(d) M has ACC on M-annihilators and every M-generated module which is not 
M-singular contains a non-zero direct summand from Add M; 
(e) M is countably C-extending and has ACC on M-annihilators; 
(t) M is countably C-extending and End,(M) is semiperfect. 
As noted in Lemma 1.12, a C-direct-projective module M which is a generator in 
o[M] is projective in o[M]. Hence we have: 
2.8. Corollary. Let M be a finitely generated module which is a generator in o[M]. 
Then the following are equivalent: 
(a) M is C-extending and Add M has no M-singular modules; 
(b) M is a self-projective and Add M is closed under essential extensions in o[Ml; 
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(c) M is self-projective and every module in o[M] is a direct sum of a module in 
Add M and an M-singular module; 
(d) M is self-projective, has ACC on M-annihilators and every module in o[M] which 
is not M-singular contains a non-zero o[M]-projective direct summand; 
(e) M is countably C-extending, has ACC on M-annihilators, and Add M has no 
M-singular modules; 
(f) M is countably C-extending, Ends(M) is semiperfect, and Add M has no 
M-singular modules. 
In particular, for M = R these corollaries yield Theorem II in [S] and Theorem 1.13 
in [lo]. They also answer a question raised in [3], as to whether R having 
ACC on left annihilators and being left countably C-extending would imply that RR is 
C-extending: 
2.9. Corollary. For a ring R the following properties are equivalent: 
(a) R is left C-extending (lef co-H-ring); 
(b) the class of projective left R-modules is closed under essential extensions; 
(c) every left R-module is a direct sum of a projective module and a singular module; 
(d) R has ACC on left annihilators and every left R-module which is not singular 
contains a non-zero projective direct summand; 
(e) R is leji countably C-extending and has ACC on leji annihilators; 
(f) R is semiperfect and left countably C-extending. 
The generality of our theorem is evident from the following examples: 
2.10. Examples. The conditions of Theorem 2.6 are satisfied for the following finitely 
generated modules M: 
(1) M is semisimple. 
(2) M is any projective module over a left co-H-ring [8, Section 31. 
(3) M = MI @ ... @ Mk, where none of the Mi are M-singular, each Mi 
has composition length at most 2, and each Mi of length 2 is M-injective (see [2, 
Lemma 51). 
(4) M is an indecomposable, self-injective, noetherian module containing an 
M-projective module. 
(5) M is a self-projective noetherian QF module (see [12,48.14]). 
(6) M is C-M-injective with no M-singular summands. 
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